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ABSTRACT:-This paper discusses 

suboptimal control method for power steering system. 

Modeling of large real time systems such as power 

steering system results in large number of differential or 

difference equations so state variable or transfer function 

models represents a higher order system. It is very 

difficult to handle such a higher order system model for 

the analysis and design purposes. This paper presents 

different technique that is used to reduce the higher 

order model to a lower order one and then optimal 

control technique is applied on reduced model for 

finding suboptimal control result for power steering 

system. 

 

1. INTRODUCTION  

It is very difficult to obtain the optimal feedback 

law for real world processes because they have lot 

of variable and their modeling result in large 

number of differential or difference equations. 

Therefore many methods to calculate 

approximations of the optimal feedback law have 

been proposed. Scientists and engineers are often 

confronted with the analysis, design and synthesis 

of real life problems. Development of a 

'mathematical model' is first step in such studies 

which can be a substitute for the real problem.  

 For analysis a simple model is needed that 

gives accurate result for which different model 

reduction techniques are use that gives the model 

whose performance is similar to original model on 

which we apply the optimal control that gives the 

optimal control laws of system in simple 

way.Suboptimal control concept is originated from 

finding optimal control law for a complex system 

by obtaining low order reduced model of system 

whose performance is similar to original system and 

finding its optimal control law.  

 

 

2. POWER STEERING SYSTEM  

A power steering is basically power-assisted 

standard steering [1]. A variety of causes can 

increase the static steering torque. The causes are 

low pressure tires, the radial tire, the tendency to 

front wheel drive, and consequent greater 

concentration of weight on the front part of the car 

[1]. The increased steering torque will make the 

driver feel very difficult to move the steering wheel. 

Therefore power steering has to be employed to 

reduce the steering torque exerted by the driver 

through the assist torque provided by external 

power source. 

 EPAS uses an electric motor to generate the 

needed assist torque. Sensors detect the steering 

torque applied by the driver and provide input to the 

electric motor which will generate assist torque 

through which the actual torque applied by the 

driver is reduced. Hence the steering feeling of the 

driver will be improved 

2.1 The Control Issue 

The control goal in the EPAS is to drive the electric 

motor to provide the assist torque so the steering 

feel of the drive is improved. Unexpected external 

disturbance (due to road conditions) and the 

uncertainty of system parameters make the 

controller design challenging. The other control 

problem found in power steering is dependability of 

assistance on the speed of the car. 

2.2 Modeling of EPAS system:- 

The power steering system includes steering 

column, steering rack, torque sensor, and power 

assist motor with gear box. The governing equations 

of the dynamic motion of the EPAS system under 

assumption of relatively high assist stiffness are 

obtained. By rearranging the equation and putting 
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the variables value, state space model for rigid EPS 

[2] can be found as follows 

A=

−0.0996 16.43 573.2 2.381 610.4 1.953
0 −0.2025  2470   10.26 2630 8.415
0   0 −109.2 1 0 0
0 0 0 217.5   9.175e + 004 293.5
0 0 0 0 −2300  312.6
0 0 0 0 0 −5.443e + 007

 

 

 

B=

0
0
0
0
0

1.638𝑒4

 

C=   [ 32.87  141.6 4941 20.52  5262 16.83] 

D=   [0] 

3. OPTIMAL CONTROL 

Optimal control is to find a control law for a given 

system such that a certain optimality criterion is 

achieved. A control problem includes a cost 

functional that is a function of state and control 

variables. An optimal control is a set of differential 

equations describing the paths of the control 

variables that minimize the cost functional. 

 The formulation of optimal control problem 

requires:- 

1. A mathematical description of the process 

to be controlled (generally in state variable form). 

2. A specification of the performance index. 

3. A statement of boundary conditions and the 

physical constraints on the states and/or controls. 

Consider a dynamical system in input-state-output 

form 

𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) 

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡)       (1) 

Here, we have a system with n states, minputs and 

poutputs. That is, x(t) ϵ R
n
, u(t)ϵ  R

m
andy(t)ϵR

p
for all 

time instants t ϵ R.  

Let the performance index „J’ as a function of free 

parameter 𝑘1 ,𝑘2 ,𝑘3 ,…… . 𝑘𝑛of the system with 

fixed configuration 

𝐽 = 𝐽( 𝑘1 ,𝑘2 ,𝑘3 ,…… .𝑘𝑛) 

Here we have to find the set of value of k for which 

‘J’ is optimized 

𝜕𝐽

𝜕𝐾𝑖
= 0                i=1, 2, 3, 4…..n;(2) 

give the necessary condition so that ‘J’ is to be 

minimum from the solution of the equation  (2) find 

the subset that satisfy the sufficient condition which 

require that the Hessian Matrix given below is 

positive definite. 

H=      

𝜕2𝐽

𝜕𝐾1
2

𝜕2𝐽

𝜕𝐾1𝜕𝐾2
… . .

𝜕2𝐽

𝜕𝐾1𝜕𝐾𝑛

𝜕2𝐽

𝜕𝐾2𝜕𝐾1

𝜕2𝐽

𝜕𝐾2
2 ……

𝜕2𝐽

𝜕𝐾2𝜕𝐾𝑛
… . … …… …
𝜕2𝐽

𝜕𝐾𝑛𝜕𝐾1

𝜕2𝐽

𝜕𝐾𝑛𝜕𝐾2
……

𝜕2𝐽

𝜕𝑛

 

 

If there are two or more sets of 𝑘𝑖satisfying the 

necessary as well as sufficient conditions of 

minimization then compute the corresponding J for 

each set the set that has smallest ‘J’ gives the 

optimal parameter. The minimization problem will 

be more easily solved if we can express 

performance index in terms of transform domain 

quantities for quadratic performance index given in 

integral square error (ISE) this can be done by using 

Parseval's theorem which allow us to write equation 

(3) as given in [1]. 

  𝑥(𝑡)
2  𝑑𝑡

∞

0
=  

1

2𝜋
  𝑥(𝑠)𝑥(−𝑠) 
∞

−𝑗∞
𝑑𝑠(3) 

 

Where 𝑥(𝑠) is Laplace transform of𝑥(𝑡) 

 Once the performance index of the system has been 

chosen the next task is determine the control 

function that minimize the performance index.  

4. METHODS OF MODEL ORDER 

REDUCTION  

There are different model reduction strategies that 

are used for reduction of model of any system in 

which Balance Truncation and Hankel method gives 

most accurate result [3-6]. 

4.1. Balanced TruncationsApproach 

This method attempts to retain the dominant 

eigenvalues of the original system and then obtains 

the remaining parameter of the low order model in 

such a way that its response, to a certain specified 

input should approximate closely to that of high 

order system. In other words we neglect the effect 

of far off poles and zeros from the dominant poles 

and zeros. The methods proposed by Davison 

(1966), Marshall (1966), Mitra (1967) and Aoki 

(1968) all belong to this category. 

4.1.1 -Balanced Model Truncations:- 

Balanced Model Truncations requires a state 

truncation of a system which is represented in 

balanced state space form. The balanced state space 

representation is an input-state-output 
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representation of the form for which the 

controllabilitygrammian and the 

observabilitygrammian are equal and 

diagonal.Suppose that a minimal and stable state 

space representation of a dynamical system is given 

then we define two matrices. 

 The controllability grammian associated 

with the system (A, B, C, D) is the matrix 

P=   𝑒𝐴𝑡𝐵𝑇𝐵𝑒𝐴𝑇𝑡 𝑑𝑡
0

∞
 (4) 

Since the system is assumed to be stable, the 

eigenvalues of A has a negative real part, and from 

this it follows that the integral in (4) is well defined. 

Note that P is an n × n real matrix, it is 

symmetric.The observabilitygrammian associated 

with the system (A, B, C, D) is the matrix 

Q =   𝑒𝐴𝑇𝑡𝐶𝑇𝐶𝑒𝐴𝑡 𝑑𝑡
0

∞
 (5) 

Again, the stability assumption implies that the 

integral in (5) is well defined. Qis an n × n real 

symmetric matrix. 

 Fortunately, to compute the controllability 

and observabilitygrammians of a state space system 

(1), it is not necessary to perform the integration as 

in (4) and (5) it can be obtain from the Lyapunov 

equation [7].Given a minimal and stable system, its 

controllability grammianPis the unique positive 

definite solution of the Lyapunov equation 

AP + PA
T
 + BB

T
= 0           (6) 

Similarly, the observabilitygrammianQis the unique 

positive definite solution of 

A
T
Q + QA + C

T
C = 0         (7) 

If the system we have is minimal, then grammiansP 

and Qare the unique solutions to (6) and (7), 

respectively. The computation of the grammians is 

therefore equivalent to the algebraic problem to find 

solutions of Lyapunov equations (6) and (7). A 

minimal state space representation (1) is called 

balanced if the controllability and 

observabilitygrammians are equal and diagonali.e, 

if 

P = Q = diag (σ1, σ2……σn) 

whereσi are real and positive numbers that are 

ordered according to 

σ1≥σ2≥ σ3 ……≥σn ˃ 

To find the balanced representation of the system 

(1), let us assume that we calculated the 

controllability and observabilitygrammians for the 

stable system (1) and let us see how these 

grammians transform if we change the basis of the 

state space. 

Consider a state space transformation 

x(t) = T x'(t)               (8) 

for system (1) with Ta non-singular matrix of 

dimension n × n. Since such a transformation only 

amounts to rewriting the state variable in a new 

basis, this transformation does not affect the input-

output behavior of system associated with (1). By 

substituting (8) in (1) and solving for x'(t), equation 

(1) can be written as 

ẋ'(t) = T
-1

AT x‟(t) + T
-1

B u(t) 

y(t) = C T x‟(t) + D u(t)          (9) 

In fact, we describe all minimal input-state-output 

representations of system by varying Tover the set 

of non-singular matrices. The transformation 

A       T
-1

AT = A'(10) 

is called a similarity transformationof the matrix A. 

The characteristic polynomial of the A matrix 

occurring in (1) is the polynomial p(s) =det(sI 

- A). 

We can write this polynomial in various formats as 

in [8]. Thus, consider again the state space 

transformation (8). As we have seen, this results in 

the transformed state space parameters (A', B', C', 

D') and transformed grammians take the form 

P' = T
-1

P(T
-1

)
T
  Q'= T

T
QT            (11) 

This shows that the grammians depend strongly on 

the basis of the state space. 

However, their product is 

P'Q'= T
-1

P(T
-1

)
T
T

T
QT = T

-1
PQT    (12) 

This shows that The eigenvalues of PQare invariant 

under state space transformations.  

Let λ1, λ2, λ3; …… λn denote the eigenvalues of the 

product PQ. Then λiare positive real numbers for i = 

1,2…… n so that it makes sense to consider their 

square roots. 

σi = λi =λi

1

2(PQ)(13) 

 That showed that these numbers are system 

invariants: they do not change by transforming the 

basis of the state space. In the literature, these 

system invariants play a crucial role and are called 

the Hankel singular values of the system (1). If (1) 

is a stable, balanced state space system, then the k
th
 

order truncation 
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ẋ*(t) = A11 x*(t) + B1 u(t) 

y(t) = C1 x*(t) + D u(t) 

is called thek
th
 order balanced modal truncation 

 This simple approximation method provides 

very efficient and good approximate models. It 

eliminates the poorly controllable and poorly 

observable states from a state space model. The 

number kmay in practice be determined by 

inspecting the ordered sequence of Hankel singular 

values σ1, σ2……σn .A drop in this sequence (i.e., a 

number kfor which σk+1 / σk<<1 may give you a 

reasonable estimate of the order of a feasible 

approximate model. If σk ˃ σk+1(as will be the case 

in many practical situations) the k
th
order balanced 

truncation turns out to have good properties. 

 

5. RESULT 

The state space representation of a system is 

𝑥 = Ax+ Bu;              

whereA = n × n matrix 

y = C x 

x Ɛ R
n
is the state vectoru Ɛ R

m
is the control input 

vector 

y Ɛ R
p
is the output vector 

Here we have to find out the step response of 

system for open loop closed loop optimal control 

and closed loop suboptimal control and compare 

these responses.State space matrix for power 

steering system is given in eq
n
 

Using MATLAB programming its step input 

response is 

 

Fig 1. Step response of orignal system 

 

1.0e+007 *[ -0.0000, -0.0000, -0.0000, +0.0000,  -

0.0002, -5.4430] 

That shows that system response is unstable if 

feedback is not provided.  

5.1  Close Loop System Step Response:- 

Using feedback we make system close loop and by 

linear quadratic regulator (LQR) controller system 

becomes stable. Linear quadratic regulator (LQR) is 

the most effective controller because it regulates the 

error to zero and doesn’t have percentage of 

overshoot also doesn’t have time settling so it can 

stabilize the system quicker than PID. Step response 

of close loop system is as follows:- 

 

                   Fig 2. Step response of close loop 

system 

5.2   Optimal control 

We know that control law obtained for a system is 

given as follows  

𝑢 𝑡 
∗ = −𝑅−1𝐵∗𝑇𝑃(𝑡)𝑥(𝑡) 

                                    = 𝐾(𝑡)𝑥(𝑡) 

𝐾(𝑡) = −𝑅−1𝐵
𝑇
𝑃(𝑡) 

For the system we start tuning of Q we changing of 

the value of m and finally we get p=0.005 for which 

system performance is good so we get the value of 

matrix P(t) 

P t =

1.0e + 004 ∗
 0.0001 0.0005 0.0112 0.0001 0.0024 0.0000
0.0005 0.0033 0.0760 0.0004 0.0161 0.0000
0.0112 0.0760 1.7739 0.0088   0.3759 0.0000
0.0001 0.0004 0.0088 0.0036 0.1301 0.0000
0.0024 0.0161  0.3759 0.1301 4.7533 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

 

 

Once 𝑷(𝒕)is known then value of  

K(t) =1.0e+003 *[0.0023    0.0156    0.3635    0.1255               

4.5870    0.0000] 
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And eigen values are  

1.0e+7 *[-5.4430 -0.0002 -0.0000 -0.0000     -

0.0000 + 0.0000i-0.0000 - 0.0000i] 

5.2.1Reduced order System by Balanced Model 

Truncation  

Reducing the system using Model Truncation via 

Square Root Method we get the reduced order 

matrix as follows:- 

 

A’=   
−0.09961   −0.1903 0

0 −0.2024  0
0 0 217.5

 

 

B’=  
−9.578
33.82
15.11

 

 

C’= [ 34.3  7.654 11.19] 

 

D’= [0] 

5.2.2Close Loop system response using Balanced 

Model Truncation  

 From fig.-3 we get that settling time of the system 

increase and it becomes 1.74s and rise time 

becomes 0.529.Peak amplitude is 14.4 and % 

overshoot is 4.16. 

 

fig 3 Balanced Model Truncation via Square Root 

Method 

  

Eigen values of the reduced order system by 

Balanced Model Truncation via Square Root 

Method are as follows:- 

[  -3.6617 + 1.2542i      -3.6617 - 1.2542i         -0.3667  ] 

5.2.3-Optimal Control of Balanced Model 

Truncation via Square Root Method:- 

Applying the optimal control on reduced order 

system obtained from Balanced Model Truncation 

via Square Root Method we get P t  by solving the 

Reccati equation. 

 

P t =        
0.0797   −0.0590 0.0516
−0.0590 0.4659 −0.5043
0.0516 −0.5043 1.0624

 

 

Once we getP t  then feedback gain matrix 

K(t)=[ 0.6169   -0.0771    0.1959 ] 

 

6. CONCLUSION 

In case of balance truncation method there is 

reduction in order of system matrix but only small 

difference in response of system such that peak 

overshoot are slightly higher. Settling time decrease 

in case of balance truncation there is a difference of 

0.075 in output 

From the above example we conclude that if we 

apply model reduction techniques and choose a 

suitable method then response of system remain 

almost same and system remain stable .There is 

only change in output that will be within limit so we 

can apply reduce order model instead of full model 

such that complexity of calculation in optimal 

control reduce. 
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